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A gentle introduction to modified gravity
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Abstract. In the last ten years, models of modified gravity have flourished. Most of them
are motivated by the late time acceleration of the Universe and the possibility of modifying
the dynamics of the Universe compared to the A-CDM paradigm on large scales. It turns
out that all such known models involve at least one scalar field which couples to matter.
This leads to gravitational problems in the solar system which can be evaded thanks to one
of the three known screening mechanisms: chameleon, Damour-Polyakov and Vainshtein,
and also the possibility of seeing temporal and spatial variations of constants.

1. Introduction

The acceleration of the expansion of the
Universe could be due to a lack of understand-
ing of gravity on large scales (Khoury| 2010).
In the last ten years, models of modified grav-
ity have appeared and all involve a scalar de-
gree of freedom. In some sense, one can see
the origin of this scalar as emanating from the
simple fact that a massive graviton has five po-
larisations, one being scalar. One main feature
of these models is that they act on large scales
implying that the range of the interaction me-
diated by the scalar field must be much larger
than the solar system. This would be ruled out
by solar system tests of gravity such as the ob-
servations by the Cassini probe (Bertotti et al.
2003)) if screening mechanisms did not mani-
fest themselves in dense environments.

These mechanisms require the introduc-
tion of non-linearities in the models and there
seems to be essentially three ways of doing
so. The first two follow the original chameleon
model (Khoury and Weltman| 2003; |Khoury

and weltman! 2004} Brax et al.| [2004) and use
the density dependence of the effective poten-
tial describing the behaviour of the scalar field
in the presence of matter. In this description,
two ingredients can be changed: the bare scalar
potential or the coupling of the scalar to mat-
ter. Chameleon models have a non linear bare
potential and a linear coupling to matter while
models subject to the Damour-Polyakov mech-
anism (Damour and Polyakov| [1994; [Pietroni

2005t |Olive and Pospelov| 2007; Brax et al.

2010; Hinterbichler and Khoury| 2010) have
a non-linear coupling satisfying the least cou-
pling principle, i.e. the existence of a field
value for which the coupling to matter van-
ishes. These two approaches can be totally
unified in the same description (Brax et al.

2012). One can also introduce non-linearities
in the kinetic terms of the scalar field. For these
models, the Vainshtein mechanism (Vainshtein
1972)) protects the local properties of gravity.
We will not deal with the latter and focus on
the first two mechanisms only. We will explain
how their dynamics lead to the possible exis-
tence of variation of constants.
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2. Modified gravity
2.1. Effective description

Gravity as described by General Relativity can
be modified by the introduction of at least
one scalar field. We will analyse the modifica-
tion of gravity in the Einstein frame where the
Einstein-Hilbert action is not altered

R
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R is the Ricci scalar of the Einstein frame met-
ric g, We have identified «; = 87Gy = my}
where mp; is the reduced Planck scale. The
scalar part of the action involves both the scalar
field and matter fields with no specific form
of preferred couplings. In general, such a field
theory is very complex to analyse and we shall
assume that in a given environment described
by macroscopic bodies with non-relativistic
matter the theory admits a vacuum configura-
tion ¢y which depends on the distribution of
matter. Let us expand the scalar Lagrangian of
the theory up to second order in the small vari-
ation 0¢ of the scalar field around the back-
ground value ¢ and retain the following rel-
evant terms
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Up to second order, the scalar field cou-
ples to the variation of the trace of the matter
energy momentum tensor 07 via the coupling
constant B(¢o). The wave function normalisa-
tion Z(¢o) appears in models with higher order
derivatives. The mass of the scalar field m(¢g)
depends on the environment too. Here, gravity
is modified in as much as the coupling of ¢ to
matter implies a modification of the geodesics
compared to General Relativity. They depend
now on the full Newtonian potential

O = Dy +/s'<¢o)miPl 3)

where @y is the Newtonian potential satisfying
the Poisson equation.

Let us consider a test particle with no self-
gravity evolving in this environment. We as-
sume that this test particle is subject to the
presence of a large and point-like body at the
origin of coordinates. At the linear level and
in the quasi static approximation (where gradi-
ents are much larger than time derivatives), the
field equation is simply

oT
Z(¢0)ASp — mio¢ = B0~ 4)

where 6T = —M&®(r) whose solution is given
by
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For distances much less than the Compton

VAL (D))
wavelength 4 = o)

potential is given by

the total Newtonian

B(¢o)
Z(¢o)

D=(1+2 YDy (6)

The scalar force is screened by the Vainshtein
mechanism (Vainshtein [1972) when Z(¢y) is
large enough that the coupling of the nor-
malised field ,8(¢0)/Zl/2(¢0) is small enough.
The chameleon mechanism (Khoury and
Weltman| 2003} [Khoury and weltman| 2004)
occurs when the mass m(¢y) is large enough to
suppress the range of the scalar force in dense
environments. Finally, the Damour-Polyakov
screenings is such that B(¢o) itself is small
(Damour and Polyakov| [1994)).

2.2. The importance of non-linearities

At the non-linear level all the models that we
shall consider are described by scalar-tensor
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theories defined in the Einstein frame by a
Lagrangian

R
S = | d*x\—gE(—=— — F(@8,¢) - V()
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where A(¢) is an arbitrary function and F' rep-
resents the generalised kinetic terms which can
be of higher order. The coupling to matter that
we have already introduced is simply given by

dInA(¢)
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A theory with a linear coupling § is such that
A(¢) is an exponential function. The most im-
portant features of models with canonical ki-
netic terms such as chameleons, dilatons and
symmetrons is that the scalar field dynamics
are determined by an effective potential which
takes into account the present of the conserved
matter density p of the environment:

Veir(¢) = V(¢) + (A($) — Dp. 9

With a decreasing V(¢) and an increasing A(¢),
the effective potential acquires a matter depen-
dent minimum ¢, (0) where the mass is also
matter dependent m(p). These properties are at
the heart of the chameleon and the Damour-
Polyakov mechanisms.

We can now describe the way screening of
the scalar interaction appears in dense environ-
ments such as the solar system. In screened
massive bodies, the field value departs very lit-
tle from the minimum of the effective potential
deep inside the body. Denoting by ¢, this value
and by ¢, the value outside and far away from
the body, an approximate solution of the Klein-
Gordon equation in the spherical case is simply

¢:¢C’rSR

R
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which describes accurately the outside solution
in the screened case (Brax et al.|[2012).One can
write

GyM

(1) = ¢poo — Ompy (10)

where M is the mass of the dense object and R
its radius. We have defined the scalar charge

¢00_¢c
=2 77 11
0 p—e. (11)

where @y is here the value of Newton’s po-
tential at the surface of the body @y = GAI’QM .
The scalar charge depends on the environment
via ¢, and on the properties of the body via ¢,
and ¢. Comparing the solution for a point-like

source

GyM

¢ = Poo — Pooltipl (12)

we immediately find that the screening crite-
rion (Khoury and weltman| [2004) is

0 < Po (13)

There are essentially two types of screening:
an object is self-screened when its Newtonian
potential is large enough, it is environmentally
screened when both S, and ¢, conspire to sat-
isfy the screening criterion.

2.3. Tomography

Scalar-tensor theories whose effective poten-
tial Veg(¢) admits a density dependent and sta-
ble minimum ¢(p) can all be described para-
metrically from the sole knowledge of the
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mass function m(p) and the coupling S(p) at
the minimum of the potential as long as they
are canonically normalised, i.e. excluding the
Vainshtein mechanism. Identifying the mass as
the second derivative

m(p) = %w@ (14)

and the coupling

) = mn o (1)

we have the integral

=g 1 f " P00 (16)
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where ¢. and p, are taken to be the minimum
value and the density inside a dense body such
as the earth. Similarly the potential can be ob-
tained as

Oc
Vip) - V. = _f dp
o

where V, is also the potential value for the den-
sity p.. For most models, in the appropriate
density range from a few g/cm? to cosmolog-
ical densities, the function A(p) is essentially
constant and equal to one.

B ()A%(p)

prrpe (17)

It is often simpler to define the functions
m(p) and B(p) using the time evolution of the
matter density of the Universe

pla) =22 (18)
=

where a is the scale factor whose value now
is ap = 1. For instance the power law models
with

m(a) = moa™", B(p) = B 19)

where r > 3 correspond to chameleon models
with

n+4

¢n

Vig)=Vo+ (20)

andn =2(r —3)/(2r - 3).

The tomographic mapping is particularly
useful to express the screening condition for
scalar-tensor models

< Lo On

R f w dpﬁ(ﬂ)A(p) 21

mgy Jp. m*(p)
where p., is the density far away from the ob-
ject. Given B(p) and m(p), this is very easily
implemented. as can be seen in the screening
of the Milky Way itself. The Milky Way is
screened when

1
ER A ON0

ey Jo " am(a)

< Bol07° (22)

where ¢y ~ 107° for the Milky Way we have
assumed that the Milky Way belongs to an un-
screened cluster of galaxies. The screening of
the Milky Way implies that my/Hy > 10° when
B(a) varies little between ag and 1 (Brax et al.

20115 |Wang et al.| 2012).

3. Variation of constants

In the cosmological context, screened models
have two fundamental properties which lead
to the variation of constants. The first one is
that the field minimum varies with time as the
matter density evolves. This tracking leads to
a temporal variation of constants. The field is
also locally stuck at the minimum of the effec-
tive potentials in structures such as galaxy clus-
ters and galaxies where the screening mecha-
nism may be at play. Then depending on the
local environment of the absorbing systems
where atomic transitions take place compared
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to the earth, a spatial variation could appear
which would be interpreted as a variation of
constants between a redshift z = 0 and the red-
shift of the absorbing system. In the simple
models that we have presented, only masses
vary as the fine structure constant appears in
front of the conformally invariant operator F?
in the electromagnetic Lagrangian.

The variation of masses in the Einstein
frame frame follows from

my = A(g)m)’ (23)

where mf;)) is the mass in the Jordan frame

where all masses are constant. In fact, in the
Jordan frame the Planck mass varies and only
the variation of the ratio my /mp; makes sense.
We will refer to the variation of masses as the
variation with respect to the Planck scale taken
as an immutable ruler. The time evolution of
the minimum is given by

2

; H
¢ = 9B Hmp, (24)

implying that the cosmological evolution of
particle masses (in the cosmological vacuum)
is given by

@ — 9ﬁ2H_2

— —H 25)
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where the coupling 8 and the mass m at the
minimum are time dependent. For screened
models where mg/Hy > 10° now, this vari-
ation in the recent past is only a fraction of
the Hubble rate. One caveat is that the time
variation calculated in this way would require
to observe atomic transition in the cosmologi-
cal vacuum. When atoms appear to be within
bound structures such as galaxies or galaxy
clusters, one must take into account the envi-
ronment and assess whether the atomic transi-
tions occur in screened regions or not. When
the environment is screened the local value of

the scalar field is the one at the minimum of
the effective potential due to the local distribu-
tion of masses and not the cosmological one.
In this case, one can interpret a difference be-
tween measurements on earth and at a redshift
z as due to the different values of the scalar
field in the two environments.

In this case,the variation of the masses is
given

(26)

where f3 is the coupling to matter now and we
consider spatial variations corresponding to far
away systems emitting light in the recent past
of the Universe. This can be applied to the elec-
tron to proton mass ratio

A A
oM _ ﬁ_¢ 27)
Pl
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as the QCD scale is scalar field independent
and only the electron mass is scalar-dependent.
For probes in the local galactic environment,
we can use the tests of the equivalence princi-
ple in the solar system performed by the Lunar
Ranging experiment (Williams et al.| [2012) to
deduce that (Khoury and weltman| 2004)

A
e < BoQeDs

< (28)
mpj

where local tests imply that Qg < 1077 and
®g ~ 107° This leads to the bound

A
7“ < BR0sDe < 1071642 (29)

For models with 8y ~ 1 this is 8 orders of
magnitude lower than the present experimen-
tal bound in the Milky Way (Rahmani et al.
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2013)). For absorbers outside the Milky Way
the tomographic mapping allows one to write

A,U — 9% f“ ,B(a)Qm(a)Hz(a) 30)

T am(a) (a)

where ag and a; are the scale factors corre-
sponding to the local environments on earth
and far away. On earth and taking the values
of masses in the atmosphere where the density
is large we can take ao ~ 1073, If the absorbers
are in an unscreened environment in the cos-
mological vacuum we have a; = 1/(1 + z1)
where z; is the redshift of the absorbing sys-
tem. If the absorber is in a screened regions
with density similar to the Milky way then
a; ~ 1072, In the unscreened case, the variation
is at most of the order 107% and much lower in
the screened case.

4. Conclusion

Screened models of modified gravity subject
to the chameleon or the Damour-Polyakov
mechanisms are such that particle masses, and
in particular the electron to proton mass ra-
tio, evolves in time in the cosmological vac-
uum. Moreover, the particle masses in differ-
ent bound system such as the Milky Way and
far away galaxies would be different depending
on whether the scalar field responsible for the
modification of gravity is screened in the dif-
ferent local environments. This would appear
as a spatial variation of constants which would
then be interpreted as a variation as a function
of the redshift of the absorbing systems where

atomic transitions take place.
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