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Accelerating stellar evolution
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Abstract. In order to improve the stellar physics in N-body models of clusters a rapid
stellar evolution code is being developed from the Eggleton STARS code. We investigate the
effect of timestep control and meshpoint number on code runtime and discuss treatments
for some difficult phases of stellar evolution. We then briefly describe work in progress on
eccentric white dwarf - neutron star binaries with the rapid code.

1. Introduction

Stellar clusters are important systems for test-
ing predictions of stellar evolution theory. The
high densities found in the centres of clusters
and the presence of a primordial binary popu-
lation leads to an enhanced probability of close
stellar encounters and formation of interacting
systems, which provide a significant challenge
to stellar evolution codes. Because clusters are
thought to form from a single cloud of gas their
stars are all approximately the same age and
have the same initial composition. This allows
us to attempt to synthesise the population of
stars in the cluster and thereby measure its age
and model its population of unusual stellar ob-
jects.

There are two principal approaches to the
production of models of globular clusters. A
synthetic stellar evolution code allows us to
evolve sufficient stars to produce a simulated
colour-magnitude diagram for the cluster and
also to model chemical enrichment through
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nucleosynthesis in the stellar population (e.g.
Fenner et al. 2004). This approach, however,
does not take into account dynamical interac-
tions between stars. In contrast N-body sim-
ulations allow us to follow the stars as parti-
cles including ejection from the cluster and the
formation and breakup of bound systems but
not their evolution. The problem with these ap-
proaches is that the two are interlinked – mass-
loss and changes in the radius of stars affects
cluster dynamics whilst encounters and colli-
sions change the stellar evolution. Thus to fully
model a globular cluster it is necessary to use a
coupled code that models both stellar evolution
and dynamics.

Previous attempts to couple N-body and
stellar evolution codes have used synthetic
stellar evolution (Portegies Zwart et al. 1999;
Hurley et al. 2001) to model stars sufficiently
quickly to match the N-body computations.
However modern computers are sufficiently
fast that it is becoming feasible to use a
full stellar evolution code in such a simula-
tion. Such a code is superior to a synthetic
code (which is based on fits to the output of
full code) principally in its treatment of pro-
cesses that take place on a thermal timescale
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such as mass transfer from subgiants in the
Hertzsprung gap. The rest of this paper outlines
some work carried out to modify the Eggleton
STARS code (Eggleton 1971; Pols et al. 1995)
for such a purpose.

2. Accelerating Stellar Evolution
Codes

Using dedicated hardware such as the GRAPE-6
system (Makino et al. 2003) and efficient nu-
merical techniques for dealing with binary
and multiple systems and other close encoun-
ters (Aarseth 2003) to compute calculations for
N-body simulations it is now possible to evolve
a cluster of 105 stars through the Hubble time
in three months. This means that for a stellar
evolution code to run in parallel with the N-
body code it needs to be able to evolve a star
through the Hubble time in approximately one
minute on average. However, speed is not the
only issue; the code needs to be entirely reli-
able. It must be able to evolve any single or
binary stellar system without breaking down.
In practice this is a much greater challenge
than the speed-up, which can be accomplished
mostly through utilisation of sufficiently fast
hardware.

2.1. Timestep Control

One of the challenges for stellar evolu-
tion codes is the extremely large range of
timescales on which a star evolves. Shell
flashes on the surface of a forming white dwarf
happen in a few years whilst the cooling and
crystallisation of the same white dwarf occurs
on a timescale of around 107 years. It is nec-
essary for a code to choose a useful timestep
at each iteration of the model as no single
timestep is suitable for all situations. If the
timestep that we attempt to use is too long it
may not prove possible to converge a physical
model for the star or a model may converge
but fail to adequately resolve some aspect of
the physics. If the timestep is too short then
many timesteps are required and the code runs
slowly.

The STARS code implements timestep con-
trol in an ad hoc manner. The current and next

timesteps, dt j and dt j+1 are related by

dt j+1 = dt j × ∆∑
i |δXi| (1)

where Xi are the model variables and ∆ is a
constant for a given run (usually between 0.5
and 5). As Xi are logarithmic (log r, log m, etc.;
the luminosity is excluded from the sum) or
mass fractions the changes δXi are all of or-
der unity, and so summing them is less arbi-
trary than it might at first appear. This formula
works reasonably well; we find that ∆ = 1
is sufficient for almost all evolution, including
the main sequence, red-giant branch (RGB),
core helium burning, asymptotic giant branch
(AGB) and white dwarf phases. However this
value may not always be optimally fast. For
a rapid code it is desirable for us to choose
a timestep that is as close to optimal as pos-
sible to avoid unnecessarily slow progress in
phases where the model changes quite rapidly
(e.g. the AGB) and to avoid instabilities in
some phases of evolution (e.g. the pre-main
sequence). Phases of evolution where there is
mass transfer also require smaller timesteps
and it is desirable to reduce the timestep just
prior to the onset of mass transfer to avoid
instabilities. These issues all point towards
the desirability of us developing an improved
method of timestep control. Possibilities in-
clude retention of the present approach but
varying ∆ with the evolutionary phase of the
system, use of a different metric to calculate
the next timestep or implicit calculation of the
timestep, although the latter has proved dif-
ficult to implement successfully in the past
(Eggleton, private communication).

2.2. Number of Meshpoints

The STARS code allows us to vary the number
of meshpoints used between runs, although this
is typically kept constant throughout a single
run. With fewer meshpoints the code performs
fewer calculations at each timestep and thus, in
general, runs faster. Models with fewer mesh-
points also use less memory and disc space –
the disc space required to store a large number
of models can be significant even though the
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Fig. 1. The effect of varying the number of
meshpoints on the STARS code runtime. A 1M�
star was evolved from the zero age main se-
quence to the end of the AGB without mass-
loss. For each model ∆ (see section 2.1) was
scaled with the number of meshpoints so that
the timestep on each iteration is the same.
The two sets of points show different sets of
timesteps.

memory required to store a single model gen-
erally is not.

Figure 1 shows how the number of mesh-
points affects code runtime. In general we find
that the runtime varies linearly with the num-
ber of meshpoints. Simple profile analysis sug-
gests that this is because the code spends the
majority of its time evaluating the equation of
state, which is computed once per meshpoint.
We could therefore accelerate the code by in-
terpolation of the equation of state within pre-
compiled tables instead of the current explicit
evaluation, although this would lead to some
loss of accuracy and thermodynamic consis-
tency.

A reduction in the number of meshpoints
usually increases execution speed but there are
a few caveats. The solutions produced are less
detailed and may not have sufficient resolu-
tion to model some aspect of the star’s physics
(e.g. thermal pulses on the AGB). This can re-
duce code stability and force it to take shorter
timesteps. It may be possible to ameliorate
some of these problems by adjustments to the
mesh spacing function to distribute the mesh-
points more usefully throughout the model.

3. Difficult Phases of Evolution

Difficult phases of evolution are those where
the model changes very rapidly with time. The
Henyey method (Henyey et al. 1964) expresses
the equations of stellar evolution in matrix
form and solves them by a relaxation method.
This assumes that a stellar model can be ob-
tained by making small changes to the model at
the previous timestep. For steady evolution this
is a good assumption. However when the star
is evolving very rapidly it requires the code to
take small timesteps in order to converge mod-
els to the required degree of accuracy caus-
ing numerical instabilities usually associated
with the finite precision of numerical deriva-
tives. Such codes also rely on the assumption
that the star is in hydrostatic equilibrium. This
is usually a good assumption because the dy-
namical timescale for a star is smaller than ei-
ther the thermal or nuclear timescales by sev-
eral orders of magnitude. However, during very
rapid phases of evolution, the star may change
on a timescale of the order of the dynami-
cal timescale, at which point this assumption
becomes invalid. Three examples of difficult
phases of evolution and how we treat them in
the rapid code are given below.

3.1. The Helium Flash

The helium flash is the ignition of helium under
degenerate conditions in the cores of low-mass
stars(M . 2.3M�) . Helium burning proceeds
via the triple-alpha reaction:

4He +4He
8 Be∗

8Be∗ +4He
12 C∗

12C∗ →12 C + γ

Being a three-body reaction – three 4He nu-
clei have to come together within the lifetime
of the unstable 8Be∗ particle – its rate is ex-
tremely temperature-sensitive. Usually the in-
creased energy generation caused by an in-
creased burning rate leads to expansion, which
then reduces the density and temperature of
the burning material and thus the reaction rate,
providing thermostatic control. However in de-
generate material the equation of state is such
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that the pressure depends only on the den-
sity, so the material does not expand with in-
creasing temperature. As the rate of the triple-
alpha reaction is strongly temperature depen-
dent this leads to a runaway reaction, with the
energy generation rate changing on a dynami-
cal timescale. This makes helium flash models
very difficult to evolve.

We avoid the helium flash by pseudo-
evolution - a process whereby stellar models
are altered in a manner that would not have
happened in normal circumstances (e.g. we can
implement only hydrogen burning reactions)
but such that they are still valid solutions to the
equations of stellar structure. To pseudo-evolve
through the helium flash we obtain a model
of a higher-mass star that has just ignited he-
lium non-degenerately remove mass from its
surface until it is the same mass as the target
star (the star that we are taking through the he-
lium flash). Then we burn hydrogen until the
core reaches the correct mass. Finally we reset
the chemical compositions in the envelope to
the values they had in the last target star model.

This process is not physically rigorous:
it assumes, for instance, that the composi-
tions of the stellar envelope are not affected
by the helium flash. It is plausible that the
large energy pulse produced by degenerate ig-
nition could drive convective mixing, although
detailed modelling suggests that this is only
the case for quite a limited range of circum-
stances (Brown et al. 2001; Cassisi et al. 2003).
However as an approach to the problem of evo-
lution through a difficult and slow process it is
useful because it allows us to carry out calcu-
lations that would otherwise be impossible.

3.2. The Thermally Pulsing Asymptotic
Giant Branch (TP-AGB)

Thermal pulses on the AGB are caused
by the Härm-Schwarzschild instabil-
ity (Schwarzschild & Härm 1965), which
occurs when hydrogen-burning and helium-
burning shells are separated by a thin layer
of material. Thermal pulses and the difficult
task they pose for stellar evolution codes are
well described elsewhere in this publication
(see e.g. Stancliffe et al. in this volume).

Given the extreme difficulties surrounding the
TP-AGB it is not practical to attempt to evolve
through thermal pulses in a rapid code. Thus
a sufficiently small number of meshpoints
are used with sufficiently long timesteps that
thermal pulses are not resolved.

There are three significant inaccuracies as-
sociated with not resolving thermal pulses. The
process of third dredge-up, where the con-
vective envelope penetrates through the extin-
guished hydrogen burning shell and dredges
up processed material from the intershell re-
gion to the core both reduces the rate of core
growth and chemically enriches the envelope.
Luminosity peaks and opacity enhancements
due to thermal pulses and third dredge-ups may
contribute to the strong winds, which remove
the envelope, truncating the star’s life. Whilst
the composition changes are not especially sig-
nificant for dynamical models the changes in
lifetime and structure may be. However it will
hopefully be possible to emulate these effects
via an alternative method, such as using re-
duced reaction rates (but retaining the normal
rate of energy generation to) to model the slow
rate of core growth.

3.3. Dynamical Timescale Mass
Transfer

In an interacting binary, the accretor1 cannot
gain mass on a timescale much shorter than its
thermal timescale, as the accreted mass needs
to cool in order to settle on to the stellar sur-
face. This means that if mass is transferred
more rapidly than this limiting rate it builds up
in a cloud or disc around the accretor. If this
cloud then fills the accretor’s Roche Lobe we
end up with the envelope of the donor forming
a diffuse cloud around the two stars, a “com-
mon envelope”. It is believed that the stars then
spiral together, by some frictional process that
is poorly understood, and the orbital energy

1 In this paper I use the following convention for
referring to stars in a binary system: The accretor is
the star gaining transferred mass, the donor is the
star losing it, the primary is the star that had the
higher mass at the beginning of the simulation and
the secondary is the star that had the lower mass.
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Fig. 2. A typical HR diagram from a WD-NS
binary (M1 = 7.25 M�, M2 = 5.0 M�, Pi =
11.7 d. The solid and long dashes are the pri-
mary during normal evolution and mass trans-
fer respectively. The short dashes and dots are
the secondary. The loops in the primary track
coming on to and back off steady core he-
lium burning are a general feature, as are the
wide loop replacing the RGB and the trun-
cated AGB. Until the common envelope phase,
(the long straight dotted line) the secondary be-
haves much like a single star of the mass it be-
comes after accretion.

thus released causes the common envelope to
be ejected. This results in a planetary nebula
surrounding a close binary system or, in the
case where the cores of the two stars merge,
a rapidly rotating giant.

Without a full hydrodynamic simulation of
the system (and perhaps not even with one)
it is impossible to model the detailed physics
of common envelope evolution. Instead we use
the empirical α prescription. The ratio of bind-
ing energy of the envelope to orbital energy
change is given by

αCE =
∆Ebind

∆Eorb
(2)

where the efficiency factor α is thought to lie in
the range 0.1 < α < 10. Various factors affect
α. For example radiative losses from the enve-
lope could decrease it below unity whilst extra
burning caused by accretion on to compact ob-
jects or magnetic reconnection could increase
it. For more details see the review by Iben &

Livio (1993). The implementation of common
envelope evolution in the rapid code reduces
the effective mass-loss rate to maintain numer-
ical stability but assumes that no nuclear burn-
ing takes place during common envelope evo-
lution as it is expected to happen on a timescale
much shorter than the nuclear timescale of the
star. Owing to this small timescale it is as-
sumed that no material is accreted and that if
both stars overflow their Roche Lobes during
the process they merge.

4. An Application - Eccentric
Compact Object Binaries

Binaries containing a white dwarf (WD) and
a neutron star (NS) are generally found to
be circular because although aspherical ex-
plosions in supernovae are thought to pro-
vide a kick to the nascent NS, tides driven
by the newly formed neutron star in its low-
mass main-sequence companion circularise the
orbit. However two examples of eccentric
WD-NS binaries are known, J1141-6545 and
B2303+46. It is conjectured that circularisa-
tion has been avoided by the white dwarf form-
ing first. Davies et al. (2002) suggested that
such systems form in close binaries consisting
of a primary with mass 5 < M/M� < 7 and
a lower mass secondary. The primary evolves
first and transfers mass via Roche Lobe over-
flow as it evolves up the RGB and later the
AGB. This reduces its mass below that nec-
essary for core-collapse and thus it leaves a
white dwarf. The secondary then evolves up
its RGB and loses most of its mass in a com-
mon envelope but still retains enough to form
a neutron star via a core-collapse supernova.
The velocity kick provided by the supernova
produces a system with the required eccentric
orbit. Previous attempts to model such systems
have used synthetic formulae for stellar evo-
lution. These have some significant shortcom-
ings. Our calculations of detailed models us-
ing the rapid code has found that these syn-
thetic models fail to accurately take into ac-
count the effect of mass transfer on the sec-
ondary star, which sometimes cannot absorb
all the mass being transferred and thus forms
a common envelope system prematurely. Some
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close systems undergo multiple phases of com-
mon envelope evolution and lose most of their
mass, eventually forming WD-WD binaries
and some systems merge. This work is still in
progress but the formation pathway looks plau-
sible. Figure 2 shows an HR diagram of one
model that produces a WD-NS system.

5. Conclusions

A rapid full stellar evolution code that is suf-
ficiently fast and reliable to integrate with an
N-body dynamics code is a useful goal to work
towards. Such a code is currently being devel-
oped and some details of ways to accelerate the
code have been discussed. Automatic pseudo-
evolution has been introduced to avoid some
difficult phases and the approximations in-
volved justified. Finally some work in progress
on WD-NS binaries is outlined.
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